Introduction to Generalised Linear
Models (GLMs)




A simple linear regression model... in a new light

Yi = a+ pizi + €
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A simple linear regression model... in a new light

Intercept Coefficient Explanatory Variable

Response T /
\Y; = a + Bixi + €;

/ Error Term

e; ~ Normal(0, %)

Normally Distributed X Equal Variance

Mean of O



A simple linear regression model... in a new light

We can attribute the randomness directly to the response
variable instead:

Response
Y; ~ Normal(a + Biz;,07)

-

Normally Distributed Variance, 02

Mean is a linear
combination of the
explanatory terms



The ith response, Y;, comes
from a normal distribution

The mean of Y, is a linear
combination of the
explanatory terms

The variance of Y;, 02, is the
same for all observations

Each observation's response
IS iIndependent of all others



A Fishy
Regression:
Poisson

Observation



A Fishy Regression: Poisson

The Poisson distribution is a discrete distribution (of positive
values only) and we expect the variance to increase with

the mean.
Y; ~ Poisson(??)
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A Fishy Regression: Poisson

The Poisson distribution is a discrete distribution (of positive
values only) and we expect the variance to increase with
the mean.

Y; ~ Poisson(pu;)
| Xu<o
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A Fishy Regression: Poisson

The Poisson distribution is a discrete distribution (of positive
values only) and we expect the variance to increase with
the mean.

Y; ~ Poisson(pu;)
T
Iog(”i) =+ ﬁlmi

Link Function /



A Fishy Regression: Poisson

The Poisson distribution is a discrete distribution (of positive
values only) and we expect the variance to increase with
the mean.

Y; ~ Poisson(pu;)
T
b, = exp(a + P1z;)



Success Probability: 0.1

Success or
No Success?
Logistic
Regression
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Success or No Success? Logistic

Logistic Regression uses a binomial distribution where the
number of successes from a number of independent trials,
n, each have the same probabillity of success, p.

Y; ~ Binomial(??)
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Success or No Success? Logistic

Logistic Regression uses a binomial distribution where the
number of successes from a number of independent trials,
n, each have the same probabillity of success, p.

Y; ~ Binomial(n;, p;)
| Xp<op>1

pi = a + Pz



Success or No Success? Logistic

Logistic Regression uses a binomial distribution where the
number of successes from a number of independent trials,
n, each have the same probabillity of success, p.
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Success or No Success? Logistic

Logistic Regression uses a binomial distribution where the
number of successes from a number of independent trials,
n, each have the same probabillity of success, p.

}’ri Y Biﬂﬂﬂliﬁl(ﬂi » Pi :'I

/ exp(a + Bix;)

L exp(a + Brx;)



Just Three Examples of Many

Linear regression: Y; ~ Normal(y;, 0?) where u; = a + B1z;
Poisson regression: Y; ~ Poisson(u;) where log(u;) = a + Bix;

Logistic regression: Y; ~ Binomial(n;, p;) where logit(p;) = a + S1z;



Fitting Generalised Linear Models

glm(formula, family = “my choice”, data =




Building a GLM

. Assume the observations are

independent of one another

. Choose a distribution for the

response

. Choose a parameter to relate

to explanatory terms

. Choose a link function
. Choose explanatory terms
. Estimate additional

parameters



Three ‘typical’ distributions

Poisson regression: Y; - i) where log (i) = a + frx;

n;, p;) where logit(p;) = a + Biz;

Linear regression: Y; i, 0%) where ; = a + Bhz;

Logistic regression: Y;




Three ‘typical’ distributions

Linear regression: Y, ~ Norm2] where p; = a + Byx;
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Three ‘typical’ distributions

Linear regression: Y; ~ Normal(y;, o%) where y; = a + $;;

Poisson regression: Y; ~ Poisson(u;) wher.,-) = a4+ fiT;

Logistic regression: Y; ~ Binomial(n;, p;) where p;) = a+ Bix;
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Three ‘typical’ distributions

Linear regression: Y; ~ Normal(y;, o%) where p;

Logistic regression: Y; ~ Binomial(n;, p;) where logit(p;)

Poisson regression: Y; ~ Poisson(u;) where log(u:)




Three ‘typical’ distributions

Linear regression: Y; ~ Norma.l{,uhere U = a+ Bx;
Poisson regression: Y; ~ Poisson(u;) where log(p:) = a + fix;

Logistic regression: Y; ~ Binomial(n;, p;) where logit(p;) = a + S ;




But there are many family = ..
more potential
response

distributions...

“binomial”
“gaussian”

“Gamma”
“inverse.gaussian”
“poisson”

“quasi”
“quasibinomial”
“quasipoisson”




With many more family = ..
choices of link
functions...

binomial(link = "logit")

gaussian(link = "identity")

Gamma(link = "inverse")

inverse.gaussian(link =

"1/mun2")

® poisson(link = "log")

® quasi(link = "identity",
variance = '"constant")
quasibinomial(link = "logit")

® quasipoisson(link = "log")




Distribution Notation Mean Variance Linear predictor (link function)
Gaussian Y ~ Normal(yu,o?) In o2 I(p) = a + Bjzyerete fx;
Poisson Y ~ Poisson(u)wherey = rate n T log(p) = a + E;‘l' Biz;
Binomial Y ~ Bonomial(n,p)  where np np(l — p) logit(p) = a 4 E;-L""l‘"""‘“"”_;'J’J.'J?J
n = number of trials and
p = probability of success
Gamma, Y ~ Gammal(k,0 = —L) where k = ko k62 log(E(Y)) = a4 Yicopariates B2,
shape and 0 = scale
& T, T e I 5 Bl i T O Tleovariates @ .
Beta Y ~ Beta(a,b) where a = shape and = mé;—{—:jm:ﬁ log(E(Y)) = a + X527~ Bjz;
b = scale
Negative binomial Y ~ NB(r,p) where r = number of suc- %J_‘”] or | "'(;p) or p+ 4 log(E(Y)) = a + Ejcyer== B;z;
cesses until the experiment is stopped
and p = probability of success or ¥ ~
NB(k,p) where k = number of failures
given p = probability of success
. . - .« 7 R na nab{a+b+n) e N Tlcavariates @ o .
Beta-binomial ¥ ~ BetaBin(n,a,b) where =5 =1np b (athiD) logit(p) = a 4 EJ. 3 Bz,
n = number of trials and p = %5,

the probability of success




Function and arguments Response Random effects

m()
o function (formula, data, ..) Gaussian No
glm()
o  function (formula, family = Any No

gaussian, ..)

lme4: : lmer ()
o function (formula, data, ..) Gaussian Yes

lme4: :glmer ()

o function (formula, data, family = Any Yes
gaussian, ..)
gLlmmTMB: : gLlmmTMB()
o function (formula, data, family = Any Yes

gaussian(), ..)
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